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Abstract
This paper studies the plane constrained shear problem for single crystals
having one active slip system and subjected to loading in both directions
within the small strain thermodynamic dislocation theory proposed by Le
[18]. The numerical solution of the boundary value problem shows the com-
bined isotropic and kinematic work hardening, the sensitivity of the stress-
strain curves to temperature and strain rate, the Bauschinger effect, and the
size effect.
Keywords: Plane constrained shear, Configurational temperature, Work
hardening, Bauschinger effect, Size effect
1. Introduction
When crystalline solids deform, dislocation entanglement together with
thermal fluctuation determine the kinetics of dislocation depinning and, thus,
the rate of plastic deformation and the isotropic work hardening. In addi-
tion, if there are obstacles in form of grain boundaries or precipitates, some
of the dislocations, after being depinned and driven by the applied resolved
shear stress, may become non-redundant (geometrically necessary) disloca-
tions that pile up near these obstacles giving rise to the non-uniform plastic
deformation and the size-dependent kinematic work hardening. Therefore,
any plasticity theory aiming at predicting plastic yielding, work hardening,
and hysteresis must take the nucleation, multiplication, annihilation, and
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motion of dislocations into account. The continuum approach to dislocation
mediated plasticity is dictated by the high dislocation densities accompanying
plastic deformations as well as the disorder induced by the dislocation net-
work. The measure of the latter quantity in terms of the configurational en-
tropy has first been introduced into dislocation mediated plasticity by Langer
et al. [16]. These authors have formulated two fundamental laws of non-
equilibrium thermodynamics applicable to the driven configurational subsys-
tem of dislocations: (i) The first law for the plastic slip rate containing the
double exponential function based on the kinetics of dislocation depinning,
(ii) The second law necessitating the increase of the configurational entropy
toward the maximum achieved at the steady state. It was shown recently by
Le [19], Langer and Le [17] that both laws are confirmed by the experiments
conducted by Samanta [33] for copper and aluminum. The so called LBL-
theory [16] deduced from these laws predicts correctly the stress-strain curves
recorded by Samanta [33], Follansbee and Kocks [10] during uniform plastic
deformations of copper in the wide range of temperatures and strain rates.
Its extension that includes thermal softening and adiabatic shear banding,
proposed recently in [24, 25], exhibits quantitative agreement with the exper-
imental observations by Shi et al. [34], Abbod et al. [1], Marchand and Duffy
[28]. The extension of LBL-theory to non-uniform plastic deformation that
takes into account the non-redundant (geometrically necessary) dislocations
[30, 9, 13, 14, 29, 8, 22, 35], called the thermodynamic dislocation theory
(TDT), was proposed in [18]. Among various dislocation based plasticity
theories we mention here only those in [31, 11, 4, 5, 2, 3, 26, 12, 6, 32, 27]
which are closely relevant to our thermodynamic approach.
Le [18] solved the plane constrained shear problem within the small strain
TDT approximately by first neglecting the non-redundant dislocations in the
loaded specimen. After obtaining the flow stress, the total dislocation density
and the configurational temperature, the distribution of non-redundant dis-
locations appearing in thin boundary layers near the grain boundaries is sub-
sequently found by solving the variational problem similar to that considered
in [21]. Based on this solution he showed that the stress-strain curves exhibit
both the isotropic hardening due to the redundant dislocations and kinematic
hardening due to the pile-ups of non-redundant dislocations against the grain
boundaries which is size-dependent (see also [7, 21]). In view of the approx-
imate character of this solution, we aim in this paper at clarifying if this
behavior is confirmed by the rigorous numerical treatment. Besides, we aim
at studying the load reversal leading to the Bauschinger effect as well as its
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sensitivity with respect to the size of the specimen, the temperature, and the
strain rate (cf. [23]).
The paper is organized as follows. The setting of the problem is outlined
in Section 2 that contains also the derivation of the governing equations
of TDT. Section 3 develops its numerical implementation. In Section 4 we
present the results of simulations, the temperature and strain rate sensitivity
of the stress-strain curves as well as the size and Bauschinger effects. Finally,
Section 5 concludes the paper.
2. Plane constrained shear
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Figure 1: Single crystal subjected to the time-dependent plane constrained shear γ(t) with
an active slip system inclined under the angle ϕ.
Let a thin slab, made of a single crystal, with width w, height h and
depth L, where 0 ≤ x1 ≤ w, 0 ≤ x2 ≤ h and −L ≤ x3 ≤ 0, be subjected to
a shear controlled test (see Fig. 1). We assume that the depth of the slab is
the dominant length scale, while the height of the slab is much smaller than
its width (L  w  h), so that the boundary effects can be neglected for
x1 = 0 and x1 = w. Based on this assumption, the independent variables
are reduced to the spatial coordinate x2 and the time t. Besides, only one
active slip system is admitted, whose slip direction s forms the angle ϕ with
the x1-axis, while the dislocation lines are oriented parallel to the x3-axis.
The slab is clamped on the lower side and deformed on the upper side
with the given shear γ(t), so that the temporal development of γ(t) evokes
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the changing load. Thus the kinematic boundary conditions are
u1(0, t) = 0, u2(0, t) = 0, u1(h, t) = γ(t)h, u2(h, t) = 0, (1)
with u1(x2, t) and u2(x2, t) being the non-zero components of the displace-
ment vector u(x2, t) (u3 ≡ 0). As these hard conditions do not allow dislo-
cations to reach the upper and lower boundaries, we set
β(0, t) = 0, β(h, t) = 0 (2)
for the plastic slip β(x2, t). Thus, the lower and upper sides act as grain
boundaries that hinder the upward and downward movement of edge dislo-
cations.
For the underlying plane shear, the total strain tensor ε = 1
2
(∇u+ u∇)
takes the form
ε =
1
2
 0 u1,2 0u1,2 2u2,2 0
0 0 0
 ,
where the comma denotes the derivative with respect to x2. The active slip
system is characterized by two vectors
s =
cosϕsinϕ
0
 , m =
− sinϕcosϕ
0
 ,
resulting in plastic distortion β = β(x2, t)s⊗m which, in matrix form, reads
β = β(x2, t)
− sinϕ cosϕ cos2 ϕ 0− sin2 ϕ sinϕ cosϕ 0
0 0 0
 .
The plastic strain tensor εp = 1
2
(β + βT ) equals
εp =
1
2
β(x2, t)
− sin 2ϕ cos 2ϕ 0cos 2ϕ sin 2ϕ 0
0 0 0
 .
Furthermore, the elastic strain tensor εe = ε− εp is given by
εe =
1
2
 β sin 2ϕ u1,2 − β cos 2ϕ 0u1,2 − β cos 2ϕ 2u2,2 − β sin 2ϕ 0
0 0 0
 ,
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while for the Nye’s dislocation density tensor α = −β×∇ we have
α = β,2 sinϕ
0 0 cosϕ0 0 sinϕ
0 0 0
 .
With this the scalar density of non-redundant dislocations per unit area
perpendicular to the x3-axis is quantified according to
ρg =
1
b
|α · e3| = 1
b
|β,2 sinϕ|,
where b is the magnitude of the Burgers’ vector.
With regard to this special case the energy functional from [18] takes the
following form
I [u1, u2, β, ρ
r, χ] = wL
∫ h
0
[1
2
λu22,2 +
1
2
µ (u1,2 − β cos 2ϕ)2
+
1
4
µβ2 sin2 2ϕ+ µ
(
u2,2 − 1
2
β sin 2ϕ
)2
+ γDρ
r
+γDρ
s ln
( 1
1− 1
ρsb
|β,2 sinϕ|
)
− χ
L
(−ρ ln (a2ρ)+ ρ)] dx2 . (3)
The four first terms in (3) describe energy of crystal due to the elastic strain,
with µ and λ being Lame´ constants. The fifth term is the self-energy of
redundant (statistically stored) dislocations, with ρr being their density and
γD the energy of one dislocation per unit length. The sixth term is the
energy of non-redundant dislocations, with ρs being a saturated dislocation
density [5]. The last term has been introduced by Langer [15], with SC =
−ρ ln(a2ρ)+ρ being the configurational entropy of dislocations per unit area
and ρ = ρr + ρg the total density of dislocations. By varying the functional
with respect to u1 and u2 and integrating the resulting equations with the
use of the boundary conditions (1), a reduction of the arguments of energy
to only β, ρr and χ can be achieved with
u1,2 = γ + (β − 〈β〉) cos 2ϕ, u2,2 = κ(β − 〈β〉) sin 2ϕ,
where κ = µ
λ+2µ
, and 〈β〉 = 1
h
∫ h
0
β dx2. Inserting the two equations for u1,2
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and u2,2 into the energy functional (3) yields its relaxed form
I = wL
∫ h
0
[1
2
µκ〈β〉2 sin2 2ϕ+ 1
2
µ(〈β〉 cos 2ϕ− γ)2 + 1
2
µ(1− κ)β2 sin2 2ϕ
+ γDρ
r + γDρ
s ln
( 1
1− 1
ρsb
|β,2 sinϕ|
)
− χ
L
(
−ρ ln(a2ρ)+ ρ)] dx2 . (4)
In addition to the energy, the dissipation potential must also be proposed.
According to [18] we take it in the form
D(β˙, ρ˙, χ˙) = τY β˙ +
1
2
dρρ˙
2 +
1
2
dχχ˙
2,
where τY is the flow stress, dρ and dχ need be determined so that the gov-
erning equations are reduced to those of the LBL-theory for uniform plastic
deformation. We formulate the following variational principle [18]: the true
plastic slips βˇ(x2, t), the true density of redundant dislocations ρˇ
r(x2, t), and
the true configurational temperature χˇ(x2, t) obey the variational equation
δI + wL
∫ h
0
(∂D
∂β˙
δβ +
∂D
∂ρ˙
δρ+
∂D
∂χ˙
δχ
)
dx2 = 0
for all variations of admissible fields β(x2, t), ρ
r(x2, t), and χ(x2, t) satisfying
the constraints (2).
For the considered problem of plane constrained shear the evolution equa-
tions of TDT for β, ρr and χ remain unchanged as compared to [18, 23] and
read
β˙ =
q(τY, ρ, T )
t0
, q (τY, ρ, T ) = b
√
ρ [fP (τY, ρ, T )− fP (−τY, ρ, T )] ,
ρ˙ =
Kρ
a2µζ(ρ, q0, T )2
τ
q (τY, ρ, T )
t0
(
1− ρ
ρs(χ)
)
, (5)
χ˙ =
Kχ
µ
τ
q (τY, ρ, T )
t0
(
1− χ
χ0
)
.
Here T is the ordinary temperature, τT(ρ) = µTb
√
ρ - the Taylor stress,
fP (τY, ρ, T ) ≡ exp
[
−TP
T
e−τY/τT(ρ)
]
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is the double exponential function originating from the kinetics of dislocation
depinning, while the double logarithmic function
ζ(ρ, q0, T ) = ln
(TP
T
)
− ln
[
ln
(b√ρ
q0
)]
has the meaning of the stress ratio τY/τT [16]. In contrary, in the balance of
microforces acting on non-redundant dislocations
τ − τB − τY = 0
obtained by varying (4) with respect to β, both the resolved shear stress
(Schmid stress) τ = s · σ ·m and the back stress τB must be
τ = −µ (κ〈β〉 sin2 2ϕ+ (〈β〉 cos 2ϕ− γ) cos 2ϕ+ (1− κ)β sin2 2ϕ) , (6)
τB = − C1(
1− C2|β,2|
)2β,22, C1 = γDρsb2 sin2 ϕ, C2 = 1ρsb | sinϕ|. (7)
To derive the evolution equation for the flow stress τY let us consider first the
uniform total and plastic deformations for which τY = τ . Taking the time
derivative of τ from (6) we get
τ˙ = −µ
(
κ〈β˙〉 sin2 2ϕ+ (〈β˙〉 cos 2ϕ− γ˙) cos 2ϕ+ (1− κ)β˙ sin2 2ϕ
)
.
Using the evolution equation (5)1, which, for the uniform deformations, im-
plies also 〈β˙〉 = q (τ, ρ) /t0, we obtain for τ˙Y
τ˙Y = µ
(
γ˙ cos 2ϕ− q
t0
)
. (8)
As the flow stress τY determines the overall dislocation depinning process, we
postulate that (8) is fulfilled in the most general case of nonuniform plastic
deformations. To obtain the system of equations directly in term of the
changing shear strain, a constant shear rate γ˙ = q0/t0 is assumed as Langer
et al. [16] did. In this case, the time rate in the system of PDEs can be
replaced by the rate with respect to the total amount of shear γ according to
the relation t0∂/∂t = q0∂/∂γ, whereby the evolution equation for the plastic
slip can be transformed to
∂β
∂γ
=
q(τY, ρ, T )
q0
.
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The final system of PDEs governing the evolution of loaded crystal reads:
∂τY
∂γ
= µ
(
cos 2ϕ− q(τY, ρ, T )
q0
)
,
∂χ
∂γ
=
Kχ
µT
τ
q(τY, ρ, T )
q0
(
1− χ
χ0
)
, (9)
∂ρ
∂γ
=
Kρ
a2µζ(ρ, q0, T )2
τ
q(τY, ρ, T )
q0
(
1− ρ
ρs(χ)
)
,
τ − τB − τY = 0.
These equations are subjected to the initial and boundary conditions (2).
3. Numerical implementation
In the previous Section the PDEs governing the plane constrained shear
deformation of single crystal have been derived. As mentioned in the In-
troduction, the approximate solution of this system has been found in Le
[18]. With the aim of verifying the obtained result, the numerical solution
algorithm of these PDEs based on the finite difference method is developed
in the present Section (cf. also [23, 20]).
First, for the numerical integration of system (9), it is convenient to use
the rescaled variables and unknown functions according to
x˜2 =
x2
b
, ρ˜ = a2ρ, χ˜ =
χ
eD
, τ˜ =
τ
µ
, τ˜Y =
τY
µ
, τ˜B =
τB
µ
.
If µ˜T = (b/a)µT = µr is used, with r being a dimensionless quantity in-
dependent of the loading rate as well as the ordinary temperature, and the
dimensionless ordinary temperature θ is defined as the ratio between T and
the activation temperature
θ =
T
TP
,
then the dimensionless plastic slip rate can be rewritten as
q (τY, ρ, T ) =
b
a
q˜(τ˜Y, ρ˜, θ), q˜(τ˜Y, ρ˜, θ) =
√
ρ˜[f˜P(τ˜Y, ρ˜, θ)− f˜P(−τ˜Y, ρ˜, θ)],
(10)
where
f˜P (τ˜Y, ρ˜, θ) = exp
[
−1
θ
exp
(
− τ˜Y
r
√
ρ˜
)]
.
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For the target steady-state dislocation density ρs(χ) = (1/a2)e−eD/χ and
configurational temperature χ, the dimensionless quantities
ρ˜s(χ˜) = exp
(
− 1
χ˜
)
, χ˜0 =
χ0
eD
should be used. Note that the saturated dislocation density is assumed to be
equal to the steady-state dislocation density at the maximum configurational
temperature χ = χ0: ρ
s = ρs(χ0) = (1/a
2)e−eD/χ0 . The dimensionless plastic
slip rate q˜ effectively leads to a rescaling of the time t0 by the factor b/a.
Following the suggestion made by Langer et al. [16], t˜0 = (a/b)t0 = 10
−12s is
assumed. Correspondingly, the shear rate γ˙ = q˜0/t˜0.
The set of governing PDEs of the present material model in the dimen-
sionless form more accessible for numerical integration is thus
∂τ˜Y
∂γ
= cos 2ϕ− q˜(τ˜Y, ρ˜, θ)
q˜0
,
∂χ˜
∂γ
= Kχτ˜Y q˜(τ˜Y, ρ˜, θ)
q˜0
(
1− χ˜
χ˜0
)
, (11)
∂ρ˜
∂γ
=
Kρ
ζ˜(ρ˜, q˜0, θ)2
τ˜Y
q˜(τ˜Y, ρ˜, θ)
q˜0
(
1− ρ˜
ρ˜s(χ˜)
)
,
τ˜ − τ˜B − τ˜Y = 0.
This system of PDEs comprises four equations in which both spatial and
temporal derivatives occur. In order to achieve a numerically accurate solu-
tion, the original overall problem is parceled out into a large number of more
easily solvable ODEs. With h˜ = h/b being the dimensionless height of the
body, the interval 0 < x˜2 < h˜ is first decomposed into n subintervals of the
length ∆h˜ = h˜/n. The first and second spatial derivatives of the plastic slip
β can then be calculated using the finite difference approximations
∂β
∂x˜2
=
βi+1 − βi−1
2∆h˜
,
∂2β
∂x˜22
=
βi+1 − 2βi + βi−1
∆h˜
2 , (12)
where βi = β(i∆h˜). The mean value of β, entering the equation for τ , is
calculated using the trapezoidal rule
〈β〉 = 1
n
n−1∑
i=1
βi.
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Let us express the dimensionless back stress from (7) in terms of these di-
mensionless derivatives:
τ˜B = − k1(
1− k2|β,2˜|
)2β,2˜2˜,
where β,2˜ and β,2˜2˜ are computed in accordance with (12), while
k1 =
γD
µb2
k sin2 ϕ, k2 = k| sinϕ|, k = 1
ρsb2
.
This back stress enters equation (11)4, making it a coupled system of n alge-
braic equations. Altogether, this procedure leads to a system of 4n ordinary
differential-algebraic equations (DAE), which only have first derivatives with
respect to γ. In the present study, a spatial discretization of the interval
(0, h˜) into n = 1000 subintervals as well as a temporal decomposition with a
step size of ∆γ = 10−6 is applied, whereby the latter is to be interpreted as
a numerical shear increment. Finally, the usual DAE-system is solved with
the internal Matlab subroutine ode15s.
t
γ
γ
γ
Figure 2: A loading path.
In order to examine the material behavior under load reversals, an entire
loading path is simulated. This starts with the unloaded initial state, leads
first to the maximum value γ?, then to the minimum value γ? and finally
again to complete unloading (see Fig 2). The shear rate remains constant
independent of the load direction. The load reversal scenario finds its real-
ization in the reversal of equation (10)2 for the dimensionless plastic slip rate
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according to
q¯(τ˜Y, ρ˜, θ) =
√
ρ˜[f˜P(−τ˜Y, ρ˜, θ)− f˜P(τ˜Y, ρ˜, θ)]. (13)
With (10) or (13) the solution is obtained for any load direction by integrating
the equations (11) with the corresponding q˜ or q¯. In addition to the fulfillment
of (11), the continuity requirements at the transition points of the sections
must be met in order to ensure the physical consistency of the solution.
Therefore, when the target value γ? or γ? is reached, the calculated end
values of a section are taken as initial values for the following section. In
this way, a calculation algorithm is available that allows the variation of
load modalities, such as load direction or speed, as well as the simulation of
numerous load cycles to a comprehensive degree.
After computing the unknowns τ˜Y, χ˜, ρ˜ and β further parameters can
be quantified. The dimensionless mean Schmid stress and the dimensionless
mean back stress can be computed in an identical way by the relations
τ¯
µ
=
1
h˜
∫ h˜
0
τ˜ dx2 ,
τ¯Y
µ
=
1
h˜
∫ h˜
0
τ˜Y dx2 .
The total number of dislocations per unit width is given by
N =
∫ h
0
ρ dx2 =
b
a2
∫ h˜
0
ρ˜ dx˜2 ,
and the number of non-redundant dislocations per unit width is calculated
by
Ng = 2
∫ h
2
0
ρg dx2 =
2
b
| sinϕ|
∫ h
2
0
|β,2| dx2 = 2
b
| sinϕ|βm,
where βm = β(h˜/2). In view of the symmetrical distribution of the non-
redundant dislocations over the height, the number from the only half of
the height up to the center of the slab h˜/2 is computed, which should be
multiplied by 2 to get Ng. Finally, the difference between N and Ng gives
the number of redundant dislocations per unit width according to
N r = N −Ng.
Table 1 contains the set of parameters used in the numerical simula-
tions. The list includes the parameters characterizing the material model,
11
Material parameters
a b TP r χ˜0 Kρ Kχ γD µ ν
10b 0.255nm 40822K 0.0323 0.25 350 96.1 µb2 50GPa 0.33
Loading conditions
γ? γ? q˜0 t˜0 T
0.16 −0.01 10−12 10−12s 298K
Initial data
τ˜Y(0) ρ˜(0) χ˜(0) β(0)
0 6.25× 10−5 0.18 0
Table 1: Set of parameters
the loading conditions and the initial values. These data are consistent with
those for copper at room temperature [16, 25]. From this Table we see that
k = (a2/b2) exp(1/χ˜0) = 5.46× 103. Note that copper is comparatively often
the object of investigation in the numerical implementation of TDT, which
is explained by its high thermal conductivity: The fast rate at which heat
flows to the surrounding thermal bath during plastic deformations ensures
an almost isothermal deformation process, so that the constant tempera-
ture assumed in theory finds its physical justification. The final shear of the
opposing load γ? is specifically defined in such a way that the specimen is
stress-free after unloading. In addition, the dimensionless initial dislocation
density represents an actual density of ρ(0) = ρ˜(0)/(10b)2 ≈ 1013m−2, which
corresponds to a value typically found in metallic undeformed materials.
4. Results of simulations
4.1. Stress-strain curves
Fig. 3 presents the rescaled averaged Schmid stress, τ¯ /µ (bold line), and
rescaled averaged flow stress, τ¯Y/µ (dotted line), versus the shear strain γ
over the complete loading path shown in Fig. 2. The dimensionless height of
the slab h˜ = 20000 and the angle ϕ = 30◦ are chosen. The plots of the two
averaged stresses versus the shear strain γ curves show identical behavior:
Starting with the loading phase from the origin O, both initially develop in
an identical manner along the elastic region on the line OA, before moving on
from the identical initial yielding point A into the plastic region AB exhibiting
the work hardening as γ goes further to γ∗. Remarkable for the plastic region
are the different slops of the two curves (hardening rates). Note that, with
increasing shear strain the isotropic hardening due to τ¯Y decreases, while the
kinematic hardening due to the back stress τ¯B = τ¯ − τ¯Y increases. This first
loading phase is followed by the load reversal phase in which γ decreases
12
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Figure 3: (Color online) Stress-strain curves at the strain rate q˜0 = 10
−12 and room
temperature, with h˜ = 20000 and ϕ = 30◦: (i) loading path OAB (black), (ii) load
reversal BCD (red/dark gray), (iii) second load reversal DO (yellow/light gray), (iv) flow
stress versus strain (dotted black curve).
from γ∗ to γ∗. The stress-strain curve also begins with the elastic line BC.
Note that the elastic line of τ¯Y/µ is parallel to, but differs from that of τ¯ /µ
at this stage. The yielding transition occurs at C, where the magnitude of
the stress is much lower than that at the end of the loading path exhibiting
the Bauschinger effect which will be explained later. Then the stress-strain
curve follows the plastic region on the line CD which shows the increasing
hardening as γ decreases to γ∗. The second load reversal phase, in which γ
rises from γ∗ to zero, again shows the elastic behavior on the line DO.
The stress-strain curves are sensitive with respect to the shear rate. In
order to show this we plot in Fig. 4 the rescaled averaged Schmid stress, τ¯ /µ
versus the shear strain γ over the complete loading path for three different
shear rates, where the solid lines corresponds to the rate q˜01 = 10
−4, the
dashed lines q˜02 = 10
−8 and the dotted lines q˜03 = 10−12. The resulting
curves in Fig. 4 confirm the findings of the rate-dependent study, according
to which faster strain rates imply larger Schmid stresses. Moreover, this
Figure allows a statement to be made regarding the sensitivity of isotropic
and kinematic hardening to a variation in shear rate: The rate dependence
of the work hardening is mainly due to the isotropic hardening, whereas the
kinematic hardening proves to be relatively less sensitive to a variation of the
13
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Figure 4: (Color online) Stress-strain curves at three strain rates q˜01 = 10
−4 (solid lines),
q˜02 = 10
−8 (dashed lines) and q˜03 = 10−12 (dotted lines) and at room temperature, with
h˜ = 20000 and ϕ = 30◦.
shear rate.
We also study the sensitivity of the stress-strain curves τ¯(γ)/µ with re-
spect to the ordinary temperature of the surrounding thermal bath. For
a more detailed evaluation of the work hardening during the plastic defor-
mation, the rescaled averaged Schmid stress versus γ for the three ordinary
temperatures of the thermal bath T1 = 298K (solid lines), T2 = 498K (dashed
lines) and T3 = 698K (dotted lines) accompanying a complete load cycle are
plotted in Fig. 5. This Figure illustrates the physically reasonable tendency
that, with increasing T , the Schmid stress together with the work hardening
decreases. The physical explanation is simple: The increase in temperature
facilitates the ”triggering” of dislocations from the immobile to the free state,
which leads to an increase in the dislocation depinning rate and together with
it the plastic strain rate. Consequently, an increased T is reflected in the re-
duction of the work hardening. This explanation also justifies the shortening
of the elastic ranges as the initial yielding is reached faster with increasing
temperature. Similar to the strain rate sensitivity, the temperature sensitiv-
ity mainly concerns the isotropic hardening and to a much lesser extent the
kinematic hardening.
The next factor of interest is the height h of the sheared slab. To analyze
the size effect the stress-strain curves τ¯(γ)/µ over the complete loading path
14
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Figure 5: (Color online) Stress-strain curves at the strain rate q˜01 = 10
−12 and at three
different (ordinary) temperatures T1 = 298K (solid lines), T2 = 498K (dashed lines) and
T3 = 698K (dotted lines), with h˜ = 20000 and ϕ = 30
◦.
are plotted in Fig. 6 using three dimensionless slab’s heights h˜1 = 10000
(bold lines), h˜2 = 20000 (dashed lines) and h˜3 = 100000 (dotted lines). The
simulation results from this Figure show the tendency that the decrease of
the sample height causes the increase of τ¯ , an observation which can be sum-
marized in the relation τ¯(h˜1) < τ¯(h˜2) < τ¯(h˜3) with h˜1 > h˜2 > h˜3. Besides,
the hardening rate in the plastic region increases with the reduction in the
sample height (“smaller is stronger”). The more detailed analysis of the flow
stress τ¯Y shows that this size effect is solely due to the kinematic harden-
ing and the pile-up of non-redundant dislocations. For instance, despite the
increase of τ¯ after the end of the loading phase, the spans of all three flow
areas turn out to be almost invariant, which demonstrates the size indepen-
dence of the isotropic hardening. A further qualitative confirmation of this
claim is the common intersection of all three stress-strain curves at the on-
set of plastic yielding and after the load reversal. For heights greater than
100000b, which correspond to almost macroscopic specimens, the size effect
is less pronounced and only becomes apparent at greater strains.
To explain the Bauschinger effect we now show the evolution of the nor-
malized back stress τB/µ computed in the thin boundary layer as function of
γ over the complete loading path in Fig. 7. After the starting point O and
the subsequent relatively short elastic line OA without the back stress, τB/µ
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Figure 6: (Color online) Stress-strain curves at the strain rate q˜01 = 10
−12 and room
temperature, for three different sample heights h˜1 = 10000 (bold lines), h˜2 = 20000
(dashed lines) and h˜3 = 100000 (dotted lines), with ϕ = 30
◦.
increases with the applied shear γ over the entire loading phase ending in
the point B. The load reversal phase is also divided into a constant elastic
line BC with constant τB/µ and a falling plastic line CD. The positive back
stress at C causes the lower magnitude of the stress required for initiating
the second yielding than that at the first yielding point A. The plastic line
ends with the reaching of the zero value for τB/µ in point D, from which
the unloading phase follows, until the initial state without applied shear is
reached again in point O. Finally, the parameter study on the back stress
(see sub-section 4.5) is used to validate the hypotheses expressed in the in-
vestigations of the rate, temperature and sample size dependence for τ¯Y and
τ¯ with respect to the hardening behavior. According to this, a compara-
tively constant development of the back stress with respect to the variation
of shear rate and temperature witnesses the insensitivity of kinematic hard-
ening to these parameters. On the other hand, the change in sample size
affects the back stress in the boundary layer in such a way that τB decreases
with increasing slab’s height.
4.2. Distributions and evolution of plastic slip
Fig. 8 represents the plastic slip β(x˜2, γ) during the loading phase for the
three shear amounts γ1 = 0.04, γ2 = 0.08 and γ3 = 0.12, simulated with the
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Figure 7: (Color online) Normalized back stress τB/µ near the boundary versus γ at the
strain rate q˜01 = 10
−12 and room temperature, with h˜ = 20000 and ϕ = 30◦: (i) loading
path (black), (ii) load reversal (red/dark gray), and (iii) second load reversal (yellow/light
gray).
use of the standard parameter set from Table 1. The plot results in symmet-
rical, plateau-shaped curves, each of which reaches its plateau value starting
and ending with the zero value within a comparatively short length of bound-
ary layers. The solution also shows the basic relative increase in plastic slip
during increasing shear stress and agrees qualitatively with the approximate
solution found in [18]. The quantitative comparison is difficult due to the
different choices for the energy of non-redundant dislocations. On the back-
ground of the physical interpretation of β(x˜2, γ), the result appears to make
sense. The non-uniformity of the plastic slip causes non-redundant disloca-
tions whose Burgers vectors do not cancel each other out. The relationship
here is that the absence of non-redundant dislocations is characterized by
the zero slope of the curve in the middle, whereas the positive and nega-
tive slopes near the boundaries indicate that non-redundant dislocations of
opposite signs pile up against the lower and upper grain boundaries. The
plastically deformed specimen thus has two thin boundary layers on the top
and bottom in which the non-redundant (geometrically necessary) disloca-
tions accumulate, whereas the predominant, central area does not contain
this type of dislocations.
Fig. 9 shows the evolution of β(x˜2, γ) during the load reversal phase,
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Figure 8: (Color online) Evolution of β(x˜2) at the strain rate q˜0 = 10
−12 and room
temperature, with h˜ = 20000 and ϕ = 30◦, during the loading along AB: (i) γ = 0.04
(black), (ii) γ = 0.08 (red/dark gray), (iii) γ = 0.12 (yellow/light gray).
and, for comparison purpose, also β(x˜2, γ) during the loading phase. Again,
the data from Table 1, h˜ = 20000 and the angle ϕ = 30◦ are used for the
simulation. The load reversal phase is characterized by basically identical
distribution of the plastic slip as those of the load phase: In addition to the
steep slopes near the boundaries, there is a plateau in the middle section
where non-redundant dislocations are not present. The values in the plateau
have increased moderately compared to those during the loading phase. The
results show a physically reasonable behavior: Despite the change in load di-
rection, the distribution of non-redundant dislocations is maintained so that
the β profile is present in an analogous manner. The almost constant differ-
ence is explained by the fact that from the onset of plastic flow, regardless of
the direction of loading, non-redundant dislocations are formed at the same
rate.
4.3. Evolution of dislocations
Fig. 10 shows the evolution of the number of non-redundant dislocations
(per unit width) Ng(γ) during the complete load cycle which is qualitatively
identical to that of the back stress τB(γ) in Fig. 7. At first these show a
rising, then a falling tendency, whereby the rising line AB and falling line
CD are separated by the two horizontal lines BC and AD. While initially
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Figure 9: (Color online) Evolution of β(x˜2) at the strain rate q˜0 = 10
−12 and room
temperature, with h˜ = 20000 and ϕ = 30◦, during the loading (dotted lines) and load
reversal (bold lines): (i) γ = 0.04 (black), (ii) γ = 0.08 (red/dark gray), (iii) γ = 0.12
(yellow/light gray).
no non-redundant dislocations are present in the crystal, their maximum
number, when the maximum shear γ = 0.16 is reached, is about 3.1×108m−1.
To obtain the dislocation density ρg, we must divide this number by the
height of the slab, resulting in 6.1× 1012m−2. This number Ng changes only
during the plastic deformation, whereas it remains constant (frozen) during
the elastic deformation. The decrease of Ng during the load reversal can
be explained as follows: The presence of the positive back stress reduces the
magnitude of shear stress required for pulling the non-redundant dislocations
back to the center of the specimen. There, the non-redundant dislocations
of opposite signs meet and annihilate each other, so the number of non-
redundant dislocations reduces gradually to zero along the curve CD.
Fig. 11 shows the essentially different evolution of the number of redun-
dant dislocations (per unit width) N r(γ) as compared to that of Ng(γ). The
most remarkable difference between the behaviors of N r and Ng is that the
former increases further along CD during the load reversal while the latter
decreases to zero. Thus, along CD the material is closer to the steady state
than along AB, and consequently, the hardening rate of the stress-strain
curve of CD shown in Fig. 3 must be less than that of AB. This asymmetry
between loadings in opposite directions becomes more pronounced as γ∗ in-
19
-0.02 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
-0.5
0
0.5
1
1.5
2
2.5
3
3.5 10
8
γ
Ng
O
BC
D
Figure 10: (Color online) Number of non-redundant dislocations per unit width Ng versus
γ at the strain rate q˜0 = 10
−12 and room temperature, with h˜ = 20000 and ϕ = 30◦:
(i) loading path (black), (ii) load reversal (red/dark gray), (iii) second load reversal (yel-
low/light gray).
creases. Note that the total number of dislocations N(γ) behaves in exactly
the same way as N r(γ). The numerical difference between them is due to the
number of non-redundant dislocations, which, for small strains, is still much
smaller than N r(γ).
4.4. Evolution of configurational temperature
The evolution of χ˜(h˜/2) versus γ turns out to be similar to that of N r (or
N) and is shown in Fig. 12. In addition to the small horizontal elastic lines,
the plastic lines are characterized by the positive slops. Thus, after a short
stagnation along BC the configurational temperature increases further during
the load reversal, what moves the system closer to the steady state. Note
that the correlation between the curves of the configuration temperature
χ˜(γ) and the dislocation number N(γ) has its root in the mathematically
comparable category of the DE of these two quantities according to (11)2 and
(11)3: Both right-hand sides are of limited decreasing character, whereby the
latter additionally depends on the weakly varying function ν, whose influence
proves to be negligible in the present context. From a thermodynamic point
of view, the increase in ρ and χ causes the dislocation multiplication to
decrease or, in other words, the dislocation annihilation to intensify. Thus
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Figure 11: (Color online) Number of redundant dislocations per unit width N r versus γ at
the strain rate q˜0 = 10
−12 and room temperature, with h˜ = 20000 and ϕ = 30◦: (i) loading
path (black), (ii) load reversal (red/dark gray), (iii) second load reversal (yellow/light
gray).
the higher the disorder temperature, the faster the saturation effect affects
the number of dislocations.
4.5. Summary of the parameter study
We perform the detailed parameter study of all quantities in the previous
subsections, the results of which are summarized in Table 2. This table
shows the qualitative changes of all variables during the increase of the four
influencing parameters. The binary evaluation scale represents the relations
exclusively qualitatively, where a “+” basically means the relative increase
and a “−” the relative decrease. The “0” indicates an inert behavior towards
parameter variation.
In particular, the list demonstrates the significant sensitivity of the Schmid
and flow stresses, the number of redundant dislocation and the configura-
tional temperature on the variation of strain rate and temperature. The
variation in the loading modality, however, has a comparatively marginal
effect on the back stress and the number of non-redundant dislocations. In
contrary, the enlargement of the sample causes changes of completely differ-
ent characteristics which mainly concern the non-redundant dislocations and
the kinematic hardening. While the number of non-redundant dislocations
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Figure 12: (Color online) The configurational temperature χ˜(c˜/2) versus γ at the strain
rate q˜0 = 10
−12 and room temperature, with h˜ = 20000 and ϕ = 30◦: (i) loading path
(black), (ii) load reversal (red/dark gray), (iii) second load reversal (yellow/light gray).
τ¯ τ¯Y τB N
r Ng χ˜ β kinem. isotr.
hard. hard.
q˜0 ↑ + + + + + + − −− − ++ − − + + +
T ↑ − −− −−− + ++ + −− + + −−−
h˜ ↑ − −− 0 −−− + + + − 0 − −−− 0
ϕ ↑ −− −− ++ −− ++ −− −− ++ −−
Table 2: Effect of the increase of the influencing parameters on the results
does not change much, which leads to a reduction in the density of this type
of dislocations due to the increase in height, the number of redundant dislo-
cations increases simultaneously to the extent that the corresponding density
remains constant and therefore no noticeable change in the flow stress can
be observed. Another remarkable feature is the analogy between the Schmid
stress and the back stress, both of which have the identical dependence on
the change in height. The last variable, the angle of inclination ϕ charac-
terizing the orientation of the slip system, causes a manifold change of the
quantities: On the one hand, this is expressed in the relative reduction in the
number of redundant dislocations, the configurational temperature and con-
sequently the Schmid and flow stress, while on the other hand, the number
of non-redundant dislocations increases relatively, as does the back stress.
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5. Conclusion
The thermodynamic approach, which incorporates configurational tem-
perature and non-redundant dislocations, is proving to be an effective tool
for the construction of dislocation-based predictive plasticity. The system of
PDEs derived from the TDT has been transformed into a system of DAEs
by discretization and then solved numerically efficiently. Parameter studies
prove the increase of the Schmid stress on the one hand by increasing the
shear rate and on the other hand by reducing the ordinary temperature, the
grain size and the angle of inclination of the slip direction. The back stress is
primarily a dominating factor for the size effect, whereas the isotropic hard-
ening is insensitive to the change in size. The physical explanation of the
Bauschinger effect, which is based on back stress and the retraction and an-
nihilation of non-redundant dislocations, is convincing. Based on this theory,
the asymmetry of work hardening between loads in opposite directions could
be explained and predicted.
The computer-aided implementation of the present study is characterized
by a comparatively high numerical performance, which strengthens the inte-
gration of the basic concept in higher-dimensional problems based on finite
element computation. The numerical realization presented in this paper can
be used as a subroutine that quantifies the development of the microstruc-
ture after each loading step from the structural-mechanical data of the finite
element calculation.
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